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The notion of nonlocality implicitly implies there might be some kind of spooky action at a distance 
in nature, however, the validity of quantum mechanics has been well tested up to now. In this work 
it is argued that the notion of nonlocality is physically improper, the basic principle of locality in 
nature is well respected by quantum mechanics, namely, the uncertainty principle. We show that 
the quantum bound on the Clauser, Horne, Shimony, and Holt (CHSH) inequality can be recovered 
from the uncertainty relation in a multipartite setting, and the same bound exists classically which 
indicates that nonlocality does not capture the essence of quantum and then distinguish quantum 
mechanics and classical mechanics properly. We further argue that the super-quantum correlation 
demonstrated by the nonlocal box is not physically comparable with the quantum one, as the result, 
the physical foundation for the existence of nonlocality is falsified. The origin of the quantum 
structure of nature still remains to be explained, some post-quantum theory which is more complete 
in some sense than quantum mechanics is possible and might not necessarily be a hidden variable 
theory. 
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I. INTRODUCTION 

The origin of the notion of nonlocality dates back to 
the Einstein, Podolsky, and Rosen (EPR) argument [J, 
which claimed that quantum mechanics is not complete, 
and as well a kind of hidden variable theory is expected to 
explain the incompleteness of quantum mechanics. Sig- 
nificant breakthrough was made by Bell [2] who discov- 
ered inequalities which are named after him, and later 
on Clauser, Horne, Shimony, and Holt (CHSH) these 
inequalities could be employed to rule out local hidden 
variable theories, and thus demonstrate nonlocality. De- 
spite the wide acceptance of quantum nonlocality, the 
arguments both on philosophical and physical issues per- 
sist [3-01' see Ref. \6\ and references therein. Generally, 
the notion of locality means a physical system in space- 
time exists and contains independent properties of itself 
with respect to the rest of universe, despite there is no 
standard definition of this notion in literatures. Then, 
nonlocality would indicate that a system loses its self- 
dependence and there could be some kind of "spooky ac- 
tion at a distance" , which makes the essence of quantum 
mechanics even more mysterious. To understand this, 
it is later on realized quantum system does not violate 
the CHSH inequality maximally, and a super-quantum 
correlation follows from the so-called nonlocal box, or 
Popescu-Rohrlich (PR) machine S]. Along with the de- 
velopment of nonlocality, the notion of entanglement @ 
also significantly attracts the interest of physicists. It is 
well recognized that nonlocality is different from entan- 
glement, however, "what is nonlocality?" is still not a 
well answered question. 

We attempt to explain nonlocality by the uncertainty 
principle, which lies at the innermost place of quan- 
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tum mechanics. Standard uncertainty relation is ex- 
pressed with expectation values of observable [Tol - [l^ . 
some new kinds of relations are derived concerning en- 
tropy and measurement settings, namely, the entropic 
uncertainty relation [l3l - [T5| . Entropic inequality for non- 
locality which originally involves expectation values of 
observable is also developed [16|]. Recently there are at- 
tempts to relate nonlocality to entropic uncertainty prin- 
ciple and steering [l3|, here we establish the connection 
between uncertainty principle and nonlocality directly. 
Our conclusion in this work is that nonlocality is not a 
physically valid concept, we demonstrate our claim via 
three steps. First, we generalize the uncertainty rela- 
tion to multipartite system, from which, the quantum 
Tsirelson bound is recovered, which means the quan- 
tum correlation manifested by CHSH inequality follows 
directly from uncertainty principle. The connection be- 
tween the quantum bound and uncertainty principle par- 
ticularl y t he Cauchy-Schwarz inequality Iflj is noticed 
before |20l [2]| . yet the physical implication is not dis- 
cussed in details, namely, the physical validity of nonlo- 
cality is not questioned. Secondly, regarding the classical 
bound, which is 2 for the CHSH inequality, we find that 
there exists one different way to carry out the classical 
correspondence of CHSH operator, and the new bound 
equals 2\/2 which is the same as the quantum bound. 
The new classical model can be viewed as a classical sim- 
ulation of the quantum case, which indicates that nonlo- 
cality can also exist classically, as the result, the notion of 
nonlocality becomes trivial. Furthermore, we verify that 
for the nonlocal box it is not possible to assign consistent 
local probabilities to the local parts of the box, and the 
correlation in the nonlocal box is not the same type and 
thus not comparable with the quantum and even the clas- 
sical cases. As the result, we are lead to the conclusion 
that nonlocality is not a physically proper notion, and lo- 
cality, which is one of the most basic notions in physics, 
is respected by the uncertainty principle very well. 
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This work contains three parts. In section|TTl we review 
the uncertainty principle and generahze its formula to 
multipartite systems. We show that the quantum bound 
on CHSH inequality follows directly from the uncertainty 
principle. In section Hill we analyze the classical bounds 
and super-quantum bound in nonlocal box on CHSH in- 
equality. In section HVl we discuss issues on complemen- 
tarity, the completeness of quantum mechanics, the hid- 
den variable theory, and then conclude. 



II. UNCERTAINTY PRINCIPLE 

The uncertainty principle is originally established by 
Heisenberg |10f . and then generalized by Robertson and 
Schrodinger [ill . IT^ . Note that this principle is a logical 
relation, which does not necessarily relate to the prac- 
tical situation, such as noise and disturbance in practi- 
cal measurement [22,. .23|. The Cauchy-Schwarz inequal- 
ity [l^, HJ] , which relies directly on the geometry of the 
Hilbert space, is employed to derive the uncertainty rela- 
tion. In this section, we study the uncertainty principle 
for bipartite system, and the multipartite generalizations 
follow directly from the fact that there always exists one 
bipartite partition generally. Then we derive the corre- 
sponding quantum bound for CHSH inequality from the 
uncertainty relation. 

For a system S composed with two subsystems Sa and 
Sb, the Hilbert space is bipartite H — T-L\ (g) "H^, n 
and m are the dimensions. Suppose observable and 
Ap act on SA^ observable Ba and Bp act on 5b, and 
define collective observable A^ — A^ ® I, B^ = I (8i Ba, 
etc, identities I take the corresponding dimensions. The 
commutation relations are 



[B^,Bp\^0, 



(1) 



where i, j = a,/?. Define two new observable on subsys- 
tem Sb as Pa = Ba + Bp, Pp = Ba — Bp, then 



[Pa,Pp]^0, 

[A,PA^O- 



(2) 



To derive the uncertainty relation, there are two quan- 
tities we need to evaluate, namely, variance and covari- 
ance. The variance of observable, say, P and P are 



Var(F) = {{APf) = {P') - {P)\ 
YariP) = ((AP)2) = (P^) - {P)\ 



(3) 



note the quantum expectations (•) are carried out on cor- 
responding states. The covariance, say, between Pa and 
Pp are 

C0V(P„,F^) = {PaPp) - {Pa){Pp), 
C0Y{Pp,Pa) = (PpPa) - {Pa}{Pp)- (4) 



The Cauchy-Schwarz inequality precisely provides the 
relation between variance and covariance functions, 
which takes the form 



I(/|5>|' <(/!/> (.9l<?>, 



(5) 



for two arbitrary state vectors |/) and \g) in Hilbert 
space. Let us re-deduce the so-called Schrodinger uncer- 
tainty relation Jl?] for a single system in a more com- 
pact way. For subsystem Sa and observable Aa and 
Ap, let AAa ^ Aa - (Aa), and AAp ^ Ap - (Ap). 
The general state of subsystem Sa is in the density ma- 
trix form PA = G '^A- It is much 
convenient to employ the method of "wave function of 
ensemble state" [25| . namely, define the wave function 
for Sa as \^a), and pA = = E^T^IV-i), 
l7iP = Pi- Then assign the state |/) = A^aj^E'^), and 
\g) = AApl^A), we have 



{f\f)=tr{{AAafpA), 
{g\g) = tTiiAApypA), 
{f\g) = tT{AAaAAppA), 

= {^AliAAafl'i'A). 



(6) 



The above 



note (/I/) = 
equations reduce to (/|/) = Var(^Q), {g\g) — 
Yar{Ap), \{f\g}\' = A,}) - + 

{jr{[Aa,Ap])y = Cov{Aa,Ap)Cov{Ap,Aa). Then, 
from Cauchy-Schwarz inequality we get 

CoyiAa,Ap)CoyiAp,Aa) < Var(Aa)Var(^^), (7) 

which can also be expressed as the Schrodinger uncer- 
tainty relation 



AAa AAp > 



^ mAa,Ap}) - {Aa){Ap))' + {j-{[Aa,Ap]))\ 

(8) 

and the Heisenberg-Robcrtson uncertainty relation takes 
the form 



AAaAAp > 



(9) 



note we have used AAi = \J {AAiY to represent the 
square root of variance of Ai (i ~ a,/3) for convenience. 
At the same time, we can also deduce a kind of un- 
certainty relation from the triangle inequality. There 
are two forms of triangle inequalities, the first one is 
11/ + g\\ < 11/11 + \\g\\, with the norm || • || = ^(T). 
The second one is |||/|| — ||5||| < ||/ — which is equiv- 
alent to the first inequality. From triangle inequality we 
get 

i {CoYiAa, Ap) + CoYiAp,Aa)f < Var(A„)Var(A^), 

(10) 

from which the inequality ([7]) based on Cauchy-Schwarz 
inequality can be derived. This is consistent with the 
fact that Cauchy-Schwarz inequality is more tight than 
the triangle inequality. 
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For subsystem Sb, we can also get inequalities from 
Cauchy-Schwarz inequality as 

Cov(F„,F^)Cov(P^,F„) < Var(P,)Var(F^), 
CoY{B^,Bp)CoY{Bp,B^) < Var(B,)Var(B;3), (11) 

and from triangle inequality 

i ((Cov(P„, F^) + Cov(P^, P^)f < Var(F„)Var(P^), 

i ((Cov(P,, P;3) + Cov(P^, P„))' < Var(P„)Var(P^). 

(12) 

Next, following the same method we derive the uncer- 



where we denote {AaPa) = {Aa (8) Pa) = {AaPa), etc. 
Introduce the CHSH operator «8 = A^Pa + ApPp [|], 
then the above two inequalities provides the upper bound 
(I14ap and lower bound (|14b|) for the expectation value of 
03 for one certain quantum state. The equality "=" holds 
for some particular state and observable. One feature of 
inequality (|14p is that it applies to all bipartite quantum 
states, including entangled, separable, and other types, 
thus it is not supposed to be employed to witness entan- 
glement directly; on the contrary, it specifies the corre- 
lation between observable of the two subsystems under a 
special state, following from the uncertainty wherein. 

In the standard CHSH setting, e.g. one polarization 
entangled photon pair, we have {Ai) = 0, {Bi) = 0, 
(Pj) = 0, = I, p2 ^ the spectrum of (A,), (P,) 
is dichotomic and lives in [— 1,+1]. As the result, in- 
equality ([T4| becomes 

m\<^{Ai){Pi) + ^{Ai){Pi) 

= %/2TA + V2~A < 2\/2, (15) 

where (i^) ^ I^A^^) ^ l, A = {{Ba.Bfs}). The inequality 
above is the Tsirelson bound [T^, [2^ . We can verify that 
the bound is saturated as 2\/2 for the singlet state by 
operators Aq = Z®!, Ap = X®1, B^ = ~^1®{Z+X), 

Bp — (X) (Z — X), where X, Y, Z are Pauli operators. 

In the above we managed to derive the quantum bound 
on CHSH inequality from uncertainty relation, and thus 
build the primary connection between uncertainty prin- 
ciple and nonlocality. 



tainty relation for the whole bipartite system S. Suppose 
the density matrix for the system is p = and \'^) 

is its wave function. Then define the state \fi) — AAi|^), 
and \gj) = AP, |^') for i,j = a, /3, we find 

Cov(A,,P,)2 < Var(ii)Var(P,), (13a) 
CoY{A,,Bjf < Var(ii)Var(Pj), (13b) 

in which case, the triangle inequality is equivalent to 
Cauchy-Schwarz inequality since observable Ai commute 
with Bj and Pj. 

The quantum (Tsirelson) bound on CHSH inequality 
can be derived as follows. From Inequality (jl3ap . we have 



(14a) 



(14b) 



III. UNCERTAINTY PRINCIPLE AND 
NONLOCALITY 

A. Classical bound on CHSH inequality 

To derive the classical bound on the CHSH inequal- 
ity, the first step is to map the CHSH operator into one 
classical quantity. The standard approach is to take the 
observable as classical dichotomic random variable Q, 
namely, A^ and A^ as the values for random variable A, 
also, Ba and Bp for B, and also Pa and Pp for V, respec- 
tively. The average ((A)) = 0, {{B)) = 0, with ((•)) as 
classical average. The absolute value \Ai\ < 1, \Bi\ < 1 
{i = a,f3). It is direct to check that the variance terms 
in inequality ([H]) vanishes. In this case, inequality 
becomes 

|A„P„| + lA^P^I = \Aa\\Pa\ + \Ap\\Pp\ 

<\Ba+Bp\ + \Ba-Bp\<2, (16) 

which is exactly the classical bound. Historically, it is 
the classical bound that makes the notion of nonlocality 
significant and odd. However, there is one crucial differ- 
ence between the quantum inequality (jl5p and classical 
inequality ^TE\\ . i.e., LHS (left-hand-side) of the quan- 
tum bound involves the quantum expectation value of 
quantum operator, and LHS of the classical bound is the 
absolute value (instead of classical average) of the entries 
of classical random variables, this difference leads to the 
following case. 

To derive the classical bound, there is no reason to 
set observable, say, Aq, and Ap correspond to the same 



I 

(AaPa) + (ApPp) < y^Var(A,)Var(P,) -I- y^Var(A^)Var(P^) + (A„)(P„) -I- {Ap){Pp), 

and 

(AaPa) + (ApPp) > -y^Var(A„)Var(P„)- ^Var(A^)Var(P^) + (A„)(P„) + {Ap){Pp), 

I 
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random variable. On the contrary, the reasonable cor- 
respondence is to take the four observable as four clas- 
sical dichotomic random variable, the value also lives in 
[— 1, -1-1], namely, Aa for Aa, Ap for Ap, Ba for Ba, Bp 
for Bp, also we can introduce Va for Pa, and Vp for Pp. 
The average values of Ai, Bi, and Vi {i = a, 13) are all 
zero. For instance, the average value of Aa is 

((^a)) =m<+Ai2a2 =0, 

with probability ^1+^2 = 1 , and values a° , G 
[— 1, -1-1]. Note that the sum a" -l-af does not necessarily 
equal to zero. Thus, inequality (|14|) becomes 

\{{AM)+{{ApVp))\ < .J{{Al)){{Vl))+^{{Al)){{Vl)), 

(17) 

with 



simulated in various ways, the correlations are still in dif- 
ferent types. When there are more measuring settings on 
each quantum subsystems, more random variables corre- 
sponding to classical systems are required for simulation, 
yet there still only is one single bipartite quantum sys- 
tem. That is to say, the bound on the inequality does 
not actually reveal the essence of quantum, instead, for 
instance, as well known the most basic property of quan- 
tum system is coherence, which is said to be absent for 
classical system. 

Although Bell-type inequalities cannot be used to de- 
fine nonlocality properly and to detect entanglement di- 
rectly, it is still of importance. For instance, it is re- 
cently realized that the Bell-type inequalities relate to 
the dimension of the system, and thus can be employed 
to witness its dimension ISOl. 



{{Vl))^{{Bl)) + {{B})) + 2{{BaBp)), 
{{Vl))^{{Bl)) + {{Bl))~2{{BaBp)). 



(18) 



It is obvious to sec \ {{BaBp)) \ < 1, then with ((y^f)) < 1, 
{{I3f)) < 1, the inequality reduces to 



\{{AM) + {{ApVp))\ < VWT)) + ^{{Vl)) 



< ^2 + 2{{BaBp)) + ^2- 2{{BaBp 

< 2V2, (19) 

which is the same as the quantum bound. The result in- 
dicates that this new model can be viewed as a random 
classical simulation for the quantum case. Strictly speak- 
ing, the traditional classical bound on CHSH inequality 
does not correspond to the quantum case properly, as the 
result, to define the notion of nonlocality based on the vi- 
olation of traditional classical bound does not have clear 
physical motivation and implication. If there were non- 
locality, there also exists nonlocality classically, as our 
study shows above. That is to say, the notion of nonlo- 
cality is trivial and misleading. 

Recently, along the research line of application of quan- 
tum theory to cognitive science [13, [28| , a macroscopic 
model of concept combinations is studied, where the 
CHSH inequality violation is observed, and then it is 
claimed there exists entanglement and nonlocality in clas- 
sical process [29|]. In their study, subsystem Sa is taken 
as "Animal" , subsystem Sb is taken as "Acts" , and the 
sentence "The Animal Acts" is taken as the whole sys- 
tem. The observable and measuring settings of A (B) 
are two sets of animals (acts) each again containing two 
animals (acts). We do not intend to analyze their model 
in details here, instead, in the spirit of our study above, 
namely, nonlocality is trivial, we consider the concept 
combinations model as a classical simulation of the quan- 
tum case of CHSH, and therefore, the claim that there 
is macroscopic entanglement and nonlocality is not cor- 
rect. Although the quantum correlation can be classically 



B. Nonlocal box 

We have shown that the quantum bound on CHSH 
inequality is a manifestation of uncertainty principle in 
multipartite system, and the standard physical meaning 
of nonlocality is misleading. In the following we will fur- 
ther argue that nonlocality is not a physically valid no- 
tion. 

\\ The CHSH inequality is maximally violated by the 
iionlocal box, or PR machine, with the bound as 4, 
without a violation of no-signalling and causality prin- 
ciple Q. It is not possible to arrive at this bound 
from the uncertainty relation, and actually, we find that 
the original model which manifests the maximal vio- 
lation is inconsistent. As usual, subsystem Sa per- 
forms measurements A and A' , subsystem Sb performs 
measurements B and B' , and the outcomes are re- 
stricted to be in the set {—1,1}. It is assumed that 
probabilities pab(1,1) = pab(-1,-1) = pAB'i^A) = 
Pab(-1,-1) = pa'b(1,1) = Pyi'B(-l,-l) = 
PA'S'(1,— 1) = PA'B'i^^A) = 1/2, and all other prob- 
abilities are zero. Then, the CHSH quantity equals to 
4. However, if we calculate the local probabilities, we 
will find all of them equal to 1/2, and then we can 
find conditional probabilities, say P_b|a(1|1) = 1 from 
Pab{IA) = Pb|a(1|1)pa(1). We find B and B' should 
be the same since observations of A is perfectly correlated 
with both of them, yet at the same time B and B' should 
be opposite since observations of A' is perfectly corre- 
lated with B while anti-correlated with B' [3l|. Thus, 
the global assignment of probabilities does not allow one 
consistent local assignment of probabilities, and the prob- 
ability distributions of random variables of the two sub- 
systems cannot simultaneously exist, in other words, the 
model is counterfactual. Our analysis further indicates 
that the principle of causality itself is not enough to set 
a physical constraint on the bound of CHSH inequality, 
what is missing is the notion of locality, since at least the 
local parts of the nonlocal box should exist, and at the 
same time, special relativity also is consistent with the 
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nature of locality. 

The formalism for nonlocal box has been developed, 
which takes a more abstract mathematical form. Two 
subsystems A and B takes inputs x and y into outputs 
a and b respectively, x,y G {0,1}, a,h £ {0,1}, and 
a ® h = X ■ y, ® means mod2. However, this super- 
quantum correlation in nonlocal box is not comparable 
with the quantum correlation, since there is no clear 
correspondence between them. There will be different 
bounds which might be higher if the function for the non- 
local box is changed. The physical validity of the nonlocal 
box has been criticized from different aspects 0, Is^ - ls^ j , 
which are consistent with our observation that the super- 
quantum correlation is not simulatable with the standard 
CHSH setting or the classical simulation model, that is, 
the nonlocal box is not physical. As the result, we are 
lead to the conclusion that the notion of nonlocality is 
improper. 

IV. DISCUSSIONS 

In this section, we discuss some implications of our 
study and conclude briefly. 

Local, global, and relational. The existence of space- 
time structure for any object in nature indicates that 
there exists local independent reality of objects. Local- 
ity is a basic principle in nature, however, nonlocality 
violates the local existence and independence of objects, 
thus it is not a correct concept. The uncertainty princi- 
ple respects locality, since without any doubt local quan- 
tum systems exist. Mathematically, the Hilbert space 
can exist consistently with a spacetime structure, which 
forms the basis for quantum field theory also quantum 
gravity. From our study, a violation of Bell's or CHSH 
inequality does not manifest nonlocality, instead, it only 
specifies the existence of correlations between parties of a 
multipartite system following from the uncertainty prin- 
ciple. In physics, the "nonlocal" properties are usually 
specified by global and relational quantities, such as the 
total number of particles and correlation function, re- 
spectively, while local quantities include the mass of the 
particle, etc. The existence of global and relational quan- 
tities relies on the existence of local quantities, thus re- 
spects locality and denies nonlocality. 

Complementarity. What does the violation of Bell- 
type inequalities mean? From our study, the answer is 
not about nonlocality, and, actually it does not mean 
much. The notion of nonlocality was expected to capture 
the essence of quantum, yet it does not. Then, how can 
we study the property of quantum system? At present, 
there is no unique way. Regarding quantum state and 
observable, we can classify three types: 

• Entanglement: property of quantum state; 
"observable-independent" . 

• Entropic uncertainty: property of observable (in- 
cluding measurement); "state- independent" . 



• Complementarity: property of the combination of 
quantum state and observable (including measure- 
ment). 

The three frameworks above each have their own merits, 
and cannot replace each other. Note that the original 
notion of complementarity by Bohr is more philosophi- 
cal rather than physical, yet as it captures the overall 
properties of 'quantum', it is a proper terminology to de- 
scribe the property of the combination of quantum state 
and observable. Roughly, we can also say that entangle- 
ment and entropic uncertainty demonstrate the property 
of complementarity. 

Hidden variable theories. It is hard to describe the 
hidden variable theories (HVTs) precisely [iHl, IH, . 
The main argument of HVTs is that the wave function 
does not provide the complete description of a quantum 
system, there exists the hidden variable, say A, which 
determines the randomness due to wave function. How- 
ever, up to now, all the experiments respect quantum 
mechanics. There are mainly three kinds of theories re- 
lating to HVTs. The first one is Bell's theorem 0, which 
states there is no local hidden variable, demonstrated by 
Bell's inequality (or Bell's theorem without inequality, 
e.g., GHZ theorem fs^, Hardy theorem [ss]). The sec- 
ond one is Bell-Kochen-Specker (Bell-KS) theorem j39| . 
which roles out noncontextual hidden variable for system 
of at least 3 dimension. The third one is Bohmian me- 
chanics [40( 1 ■ where each quantum particle has a precise 
space-time position (coordinate) and trajectory. Strictly 
speaking, Bohmian mechanics is not a kind of HVT, since 
the position does not determine the wave function and 
related randomness, on the contrary, the wave function, 
together with the Hamiltonian and the boundary con- 
dition, determine the position. Position is rather one 
external classical parameter than hidden variable. From 
our study, we view the concerns of HVTs are not about 
whether there is one hidden variable or a variable set, or 
whether the variable is local or nonlocal, instead, it asks 
for a hidden dynamics which could explain, e.g., what 
is wave function?, why there exists coherence?, is there 
macroscopic quantum coherence?, what is spin?, to which 
quantum theory cannot provide the answer. In this sense 
we can say that quantum mechanics is not complete since 
not all elements of physical reality have a counterpart in 
it. However, every theory is not complete due to the fact 
that every theory is just a special kind of description of 
the properties of nature, for instance, classical mechan- 
ics is not complete since it does not provide the wave 
function. The probabilistic nature of quantum behavior 
manifests that quantum system has the propensity to be 
in different states, the wave function is a systematic (or 
complementary) description of motion of one object. 

To conclude, we have demonstrated that the notion of 
nonlocality is improper, and the principle of locality is 
respected by the uncertainty principle. To understand 
quantum, different notions can be employed which in- 
clude entanglement, entropic uncertainty, and comple- 
mentarity (including uncertainty). Yet to explain quan- 
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turn, e.g. the existence of coherence, some unknown post- theory is to be discovered, 
quantum theory which probably is not a hidden variable 
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